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Abstract 



We investigate cosmological solutions of eleven dimensional supergravity 
compactified on a squashed seven manifold. The effective action for the four 
dimensional theory contains scalar fields describing the size and squashing of 
the compactifying space. The potential for these fields consists of a sum of 
exponential terms. At early times only one such term is expected to dominate. 
The condition for an exponential potential to admit inflationary solutions is 
derived and it is shown that inflation is not possible in our model. The 
criterion for an exponential potential to admit a Hawking- Turok instanton 
is also derived. It is shown that the instanton remains singular in eleven 
dimensions. 
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I. INTRODUCTION 



Until recently it was thought that slow-roll inflation always gives rise to a flat universe. 
This assumption was proved incorrect in (building on the earlier work of and Q on 
bubble nucleation and 'old' inflation) where it was demonstrated that an open universe can 
arise after quantum tunneling of a scalar fleld initially trapped in a false vacuum. (One can 
also obtain open inflation in two fleld models |^J^). However such models of open inflation 
appear rather contrived owing to the special form that the scalar potential must be assumed 
to take. They also do not address the problem of the initial conditions for the universe i.e. 
no explanation is given of how the scalar fleld became trapped in the false vacuum. These 
two objections were confronted in 0] within the framework of the 'No Boundary Proposal' 
1^. It was described there how an open universe could be created without assuming any 
special form for the potential. The approach was to construct an instanton (i.e. a solution to 
the Euclidean fleld equations) and analytically continue to Lorentzian signature. The novel 
feature of the instanton is that it is singular although the singularity is sufficiently mild for 
the instanton to possess a finite action. Several objections have been raised against the use of 
such instantons, the most serious of which is Vilenkin's argument 0] that if such instantons 
are allowed then fiat space should be unstable to the nucleation of singular bubbles. Another 
objection is that the singularity can be viewed as a boundary of the instanton (there is a 
finite contribution to the action from the boundary 0) which is unacceptable according to 
the no boundary proposal. 

There have been three different approaches to dealing with the problems raised by a 
singular instanton. The first is to regularize the singularity with matter in the form of 



a membrane |10,11]. An alternative approach |12| is to analytically continue the instanton 



across a deformed surface that does not include the singularity. The problem with this is that 
the surface does not have vanishing second fundamental form which means that one obtains 
a region of spacetime which does not have purely Lorentzian signature. It was pointed out 
that this region is not in the open universe so it may not have observable consequences. The 



third approach, due to Garriga [0, is to construct a four dimensional singular instanton 
from a higher dimensional non-singular one. This approach is particularly appealing because 
M-theory is eleven dimensional. Garriga gives a non-singular five dimensional instanton that 
reduces to Vilenkin's in four dimensions but with a cut-off to the scale of bubble nucleation 
that makes the decay rate of flat space unobservably small. He also gives a flve dimensional 
solution with cosmological constant that reduces to a four dimensional instanton of Hawking- 
Turok type. (Garriga's flve dimensional instantons are just Euclidean Schwarzschild and the 
flve sphere respectively). One purpose of this paper is to examine whether it is possible to 
obtain Hawking- Turok instantons in four dimensions from non-singular instantons of eleven 
dimensional supergravity, the low energy limit of M-theory. 

Our second aim is to investigate whether solutions of eleven dimensional supergravity 
corresponding to four dimensional inflating universes exist. Since inflation is now widely 
accepted as the standard explanation of several cosmological problems (see e.g. |T^), one 



would expect the existence of inflationary solutions of M-theory if it is indeed the correct 
theory of everything. However compactiflcations of Z) = 11 supergravity usually give a 
negative cosmological constant (see [0) which is precisely the opposite of what we need for 
inflation. The reason for this is that if the compactifying space has positive curvature then 
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the field equations imply that our space has negative curvature. This suggests that a way 
around the problem may be to look for solutions with the seven dimensional compactifying 
space M7 negatively curved at early times but positively curved at late times. We do this 
by taking M7 to be a coset space and squashing it (the meaning of squashing is explained 
below), treating the squashing parameters as dynamical scalar fields. 

Upon reduction to four dimensions we obtain a model with scalar fields evolving according 
to a potential consisting of a sum of exponential terms. At early times only one term in 
the sum is expected to be significant. Cosmological solutions involving scalar fields with 
exponential potentials have been investigated by several workers. Lucchin and Matarrese 
p!6| showed that power-law inflation can result from such potentials. This was further 
investigated by Barrow [T^ who gave an exact scaling solution to the equations of motion 
which was subsequently generalised by Liddle |18[. Halliwell has conducted a phase- 



plane analysis of the equations of motion resulting from an exponential potential. Wetterich 
has derived scaling solutions for cosmologies with the scalar field coupled to other matter 
20| . For the single scalar case we have found a first integral of the equations of motion and 



give an exact expression for the number of inflationary efoldings. It is found that a significant 
inflationary period only results from solutions that approach the scaling solutions at late 
times. The results are generalized to the multi-scalar case. We have analysed the behaviour 
of scalars with an exponential potential near the singularity of the instanton and give a 
criterion for the singularity to be integrable. (This was discussed in ^l|] but the analysis 
was incomplete). 

Applying the results on exponential potentials to our model from eleven dimensions yields 
the disappointing result that the potential is too steep for inflation to occur. We find that 
unlike in Garriga's models the instanton is singular in eleven dimensions. The reason for this 
is that Garriga's potential comes from a five dimensional cosmological constant whereas ours 
comes from the Ricci scalar of the compactifying space and has too steep a dependence on 
the scalar field that measures the size of the internal space (i.e. its 'breathing' mode). It is 
this same dependence that rules out inflationary behaviour which leads us to speculate that 
if one could fix the size of the internal space then a solution with more appealing properties 
might be found. 

As this paper was nearing completion we received a paper by Bremer et al p2[ which 
has some overlap with our work. They also consider cosmological solutions with dynamical 
squashing in various dimensions. Their S"^ example is not the same as ours: they obtain 
squashed metrics on S''' by viewing it as a ?7(1) bundle over CP^ and squashing corresponds 
to varying the length of the U{1) fibres whereas we treat 5^ as a bundle over S*^ and 
squashing corresponds to varying the size of the S'^ fibres. Our methods are applicable to 
any squashed coset space (although we always use the Freund- Rubin ansatz [^). Integra- 
bility of the instanton singularity is not discussed in |^ (indeed the examples discussed 
there all appear to be non-integrable) and neither is the condition for inflation. (In the 
conclusions section of p2[ it is stated that the instanton solutions can be continued to give 
open inflationary universes. This is not the case: the potentials are too steep to yield a 
significant inflationary period). 
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II. ELEVEN DIMENSIONAL SUPERGRAVITY 



The action for the bosonic sector of D = 11 supergravity is [|T3| 
1 A 1 



~'~ (12)^ '^^^^^^^'''^^^FMi...M4,FM5...Ms^Mg...Mii^ + Sboundary (2.1) 

Hats will be used to distinguish eleven dimensional quantities from four dimensional ones. 
Upper case Roman letters will be used for eleven dimensional indices, and lower case Greek 
letters for four dimensional ones, = SnG is the eleven dimensional Planck scale. We will 
use a positive signature metric and a curvature convention such that a sphere has positive 
Ricci scalar. is the alternating tensor density. The four form Fmnpq is related to 

its three form potential Amnp by 



MNPQ 



^O^mAnpq] (2.2) 



where square brackets denote antisymmetrization. 

Sboundary is a sum of bouudary terms which are essential in quantum cosmology: 

Sboundary = -Bl + -B2, (2-3) 

where Bi is the Gibbons-Hawking boundary term [^] and B2 is needed because we want to 
consider the Hartle-Hawking wavefunction as a function of the four-form on the boundary 
so it is the variation of the four form that should vanish on the boundary, not that of the 
three form. See [|l^ for a discussion of this point. We shall only consider solutions with 
vanishing Chern-Simons term, for which 

B, = \j S'xOm ( y^F^^^^^i^pg) . (2.4) 



The equations of motion following from the action 2.1 



are: 



Rmn — — [FmpqrF^^^ — —FpQFisF^'^^^ qmn) , (2.5) 



dM (v^F^^^^Q) = -^e^^«*^-^^«FM,...M.FM,...M3. (2.6) 

If F AF An vanishes on the boundary (where n is the 1-form normal to the boundary) then 
the action is gauge invariant and the second boundary term is 

B2 = ^J d^'x^gP'^^^^ Fmnpq. (2.7) 
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III. SQUASHED MANIFOLDS 



Given a Lie group G, the manifolds admitting a transitive action of G can be viewed 
as coset spaces G/H where H is the isotropy subgroup. We are interested in the most 
general G-invariant metric on such a manifold (i.e. the most general metric for which the 
left action of G yields a group of isometries). U G/H is isotropy irreducible (see [|15|) then 



there is a unique (up to scale) such metric which is actually an Einstein metric. For example 
if G = S0{8) and H = S0{7) then the unique G-invariant metric on G/H is the round 
metric on 5*^. If the coset space is not isotropy irreducible then the general G-invariant 
metric contains arbitrary parameters. This is what is meant by squashing. An example is 
G = 5*0(5) and H the 5*0(3) subgroup such that G/ H has 5^ topology. The most general G- 
invariant metric contains seven arbitrary parameters and there are two G-invariant Einstein 
metrics. 

It is discussed in how one can squash a coset space by rescaling the vielbein i.e. 
e" —>■ AflC" (no summation). A criterion is given for deciding if a particular rescaling will 
preserve the isometry group of the metric. This is the most general kind of deformation that 
preserves the G-invariant metric on G/H (see [EH] for a review). 



IV. DIMENSIONAL REDUCTION WITH DYNAMICAL SQUASHING 

Our metric ansatz is 

ds^ = e^'''~^^g^,{x)dx>'dx'' + gmn{x, y)dy"'dy'', (4.1) 

where x'^ and are coordinates on the four and seven dimensional manifolds with metrics 
Qfiu and gmn respectively. We shall choose the field B{x) so that the reduced action is in the 
Einstein frame. The siebenbein on the internal manifold is assumed to be 

e;^(x,y) = e'^"^^%^(y) (no summation), (4.2) 

where gmniv) = J2a'^miy)'^niy) uusquashcd metric. The squashing is described by 

the seven scalar fields Aa{x). Note that for squashing in the sense described above (i.e. 
preserving the isometry group) these scalar fields will not be independent. 

In the following discussion we shall not specify a particular squashed coset for My. The 
choice is not arbitrary: the eleven dimensional field equations have to be satisfied. We shall 
assume that a suitable coset has been found but our conclusions will be independent of 
the details of the internal space. As an example we shall consider 5^ as a 50(5)/5*0(3) 
coset with a two parameter family of metrics (i.e. only two of the Aa are independent), one 
parameter being the size and the other the squashing. This choice does satisfy the D = 11 
field equations. 

B{x) is calculated by observing 

V^i? = v^v^eS^"(-)e2^(-) (R +...), (4.3) 
so after integrating over the reduced action will be in the Einstein frame provided that 
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Bix) = --J2A,ix). (4.4) 

^ a 

In the Einstein frame the components of the eleven dimensional Ricci tensor are (see ap- 
pendix) : 

R,^ = R,u + ^ f E a\ - 1 e At. ka^^ (4-5) 



Rab = Rab [M7] - eS^<>diag (vMj . (4.6) 



The four dimensional part has been written with curved indices and the seven dimensional 
part with tangent space indices for notational clarity. 

We shall use the Freund-Rubin ansatz 12311 for the four form i.e. 



F^upa{x,y) = F^^p„{x) other components vanish. (4.7) 



(Some other ansatze for the four form were considered in 

One can substitute these ansatze into the field equations to obtain equations of motion 
for the effective four dimensional theory. Alternatively one can obtain the same equations 



S = J d'x^ [j^R - ^ T(dAa)Mab{dA,) + 



by varying the reduced action obtained by substituting into ^ 

1 „ 1 

a,b 

+ ^e-S^"i?[M7] - ^e^^S^^F^^^^F'^-P-^ +5, (4.8) 

where i? is a boundary term and indices are raised with g'^'^. The integration over gives 
a volume factor V7 = / d'^y^/^ which is absorbed into the definition of the four dimensional 
Planck scale: = K^Vy. A factor of y/Vj has also been absorbed into Fnupa- The matrix 



pupa- 

Mab has threes on its diagonal and ones everywhere else. R [Mj] is the (seven dimensional) 
Ricci scalar of the internal space computed treating Aa{x) as constant parameters. 

Note that there is no guarantee that solutions of the four dimensional equations of 
motion obtained from this action are solutions of the eleven dimensional field equations. 
This is because we have not considered the field equation associated with the seven internal 
dimensions. However if one chooses a coset such that this field equation can be satisfied 
then the resulting equations of motion will be the same as those obtained from the reduced 
action. In our S"^ example the Ricci tensor of the internal space (see appendix B) sphts into 
two independent diagonal parts. This will give two independent field equations. In order to 
satisfy them (at least for non-constant scalar fields), we must include at least two degrees of 
freedom in the metric on S"^ . So in addition to squashing we allow its size to vary. This 
is achieved by multiplying its metric by an overall conformal factor e'^'"^^\ Then the scalars 
Aa are given by 

= = A3 = A = C, A, = Ae = Ar = A + C, (4.9) 
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where e"^ is the squashing parameter defined in appendix B. The two field equations coming 
from the internal space give the equations of motion for A and C. The same equations of 
motion can be obtained from the four dimensional reduced action. 

Returning to the general case, the kinetic term can be diagonalised by defining 

= (^A,-A;^fc+i| k^l...6, (4.10) 

K^k(k + 1) \j=l J 



If the scalar fields Aa are not linearly independent then the fields (j)^ will not be independent 
and the kinetic terms will still not be correctly normalised. This occurs in our squashed S'^ 
example: 

AA 

01 = 02 = 03 = 0, VT504 = a/5^05 = "\/6J06 = , 

K 

V' = ^(3A + 7C). (4.12) 
KVl4 



Since 04, 05 and 06 are not independent we define = \/^- so that 
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\{d4>.f + \{d4>,f + ^(906)^ = \{dct>)\ (4.13) 

so now the scalar fields A and C have been replaced by and ■0 with diagonal kinetic terms. 

Note that a scaling of the internal manifold Aa{x) — > Aa{x) + C{x) only affects ip, 
which measures its size. In general one must allow the size to vary in order to satisfy the 
D = 11 field equations (i.e. one could not impose ^0 = constant except in special cases 
corresponding to static solutions) hence and 0fc will be independent. Thus the kinetic 
term for ^0 is correctly normalized and ip will not need rescaling. It is this that will allow us 
to draw general conclusions later on about the possibility of infiation or higher dimensional 
non-singular instantons in our model. 

The inverse transformation relating Aj to 0^ and ip is 




Substituting into the reduced action gives 



- ^e'^^^F^.p.F^'^''-) + B (4.15) 
where the scalar potential is 
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The equations of motion following from this action are: 



(4.16) 



. k 



12 



(4.17) 



dW 



(4.18) 



dW kVu 



\7^ll, — ^" J- 'ZlJ^pi^Vliip p ptJ.'^ptr 

dip^ 48 ' 



(4.19) 



(4.20) 



Note that the final equation is obtained by varying A^j^^yp. This equation has the unique 
solution 



(4.21) 



for some constant F. If we substitute this solution into [4.19| then we get 



where 



vV - — 

dip '' 



(4.22) 



(4.23) 



is the effective potential that determines the evolution of the field ip- Note that we can 
replace IV by in the field equation for and substitute the solution for F^yp„ into |4.17 
to yield 



so now V occurs in all of the equations of motion and one can forget about W. 
For our squashed S"^ example, the potential is 



(4.24) 



2k^ V2 



3e^ 



1 



2 -v^kV 



(4.25) 



Plotted as a function of this tends to ±oo as — ±oo. There is a local minimum at 
= corresponding to the round metric on the S'^ . There is also a local maximum at a 
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negative value of corresponding to the squashed Einstein metric on S'^. The quahtative 
behaviour as ip varies depends on the value of 0. There is a positive constant 0o such that at 
= 00 the F-independent part of the potential vanishes. For > 0o, is a monotonically 
decreasing function of ip tending to +oo as -0 ^ — oo and to as -0 — +oo. For < 0o 
(which includes the two Einstein metrics), the asymptotic behaviour is similar but there is a 
local minimum at some value of ip corresponding to a negative value of V. Hence there exist 
static solutions of D = 11 supergravity with sitting at this minimum and corresponding 
to either the round or the squashed Einstein metric. These have been extensively discussed 
from the point of view of Kaluza-Klein theory |T^. We are interested in solutions with a 
positive potential at early times in the hope that these may exhibit inflationary behaviour. 
Such solutions start with large and positive, corresponding to a negatively curved metric 
on 5*^. One would expect solutions to exist in which rolls down to the local minimum 
so the solution settles into the Freund-Rubin solution AdS^ x S'^ (with a round metric) at 
late times. Note that this solution appears unstable because can tunnel past the local 
maximum and roll off to — oo. However Breitenlohner and Freedman have shown how 



boundary conditions at infinity can stabilise AdS, at least against small perturbations, so 

one would expect a similar argument to be valid here. 

A second example that we have considered involves taking the compactifying space to be 
X X S^. is group manifold so one can squash all three directions independently |]15 



Thus this Mj can be squashed with all seven Aa independent. The D = 11 field equations 
can be satisfied with this My. The Ricci scalar of with squashing described by A^, Aq 
and Aj is 

Jl ^ g-2A5 _^ g-2A6 _^ g-2A7 _ 1 ^^2(A5-Aa-A7) _^ ^2(Ae-A7-A5) _^ g2(A7-A5-A6)^ _ (4.26) 

Thus in order to get a negatively curved the second group of terms must dominate the 
first. Note that there is no static Freund-Rubin solution in this case because x S'^ x 
cannot be given an Einstein metric. Thus the potential V does not have any extrema. 



V. CONDITION FOR INFLATION 

We shall now seek a solution of the field equations derived above that describes a four 
dimensional universe. Spatial homogeneity and isotropy imply that the metric must take 
the form 

ds'^ = -dt'^ + a{tfdsl (5.1) 
where ds"^ is the line element of a three-space of constant curvature. Substituting this into 



4.17| yields the equations 



1 ; 2 1 -2 ^ A k ,^ ^, 

J =yi?2^^ +2^ +^)-^' (^-'^ 



^a(^0, +ij'-V\. (5.3) 
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k is the sign of the curvature of the spatial sections. 

Inflation is defined by a > so implies that for inflation we need 



k 



(5.4) 



Since the potentials we have obtained consist of a sum of exponential terms with no 
extrema of ip at positive values of the potential, one would expect that if inflation occurs 
then it would do so at a large value of the potential where typically only one exponential is 
significant. For simplicity we shall consider a single scalar model 



V{(j)) = Voe"''^. 
The equation of motion for the scalar field is 



(5.5) 



(5.6) 



where the Hubble parameter is H{t) = -. We shall assume that a > 0, which can always 
be achieved by reversing the signs of a and 0. 

For inflation we need V to be larger than the scalar kinetic term and curvature term (if 
/c 7^ 0) so one would expect the Hubble parameter to behave like e^°"^. (We have set k = 1). 
After substituting this into the equation of motion for the scalar field it is natural to seek a 
solution of the form <p oc ez""^. With this in mind, define a new variable by 

$ = -^e-^"-^. (5.7) 

If one replaces by ^ (l*^^) ' eliminates in favour of $ and neglects the curvature term 
(this is the only approximation that we shall make) then one obtains 



Now define x by $ = v^2V^sinhx to give 

dx 



a coth X I . 



(5.8) 



(5.9) 



It is obvious that there is a solution with x = constant when a < -\/6- This is the solution 
obtained previously by Barrow [|l^] and Liddle [Q. However we can investigate the general 
solution by using the change of variable y = e^^ to give 



y 



a 



a 



(5.10) 



0=K is a constant of integration. If we are interested in real solutions obtained by analytical 
continuation from a Euclidean instanton then we must impose the initial conditions 



0^y = l. 



(5.11) 
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In the model of open inflation described in one analytically continues the instanton to 
an open universe at a point where the scale factor vanishes. This means that initially it is 
not a good approximation to neglect the curvature term in the Einstein constraint equation 
as we have done here. However if there is a significant inflationary period then the curvature 
term will rapidly become negligible. So, strictly speaking, our analysis is only applicable 
after this term has become negligible by which time the above boundary conditions will not 
hold (since then (p < so y > 1). However, as we shall show, the condition for a significant 
period of inflation is not sensitive to the initial value of (p so we shall take the above value 
for simplicity. Of course our results are exact for flat (fc = 0) universes. 



With these boundary conditions, 5.10 becomes 



^H4>-M = (5.12) 

The condition for inflation is 0^ < V, or equivalently, sinh^ x < |. This is satisfied if, and 
only if, 

< y <2 + Vs. (5.13) 

Since we are starting with = we will always get some inflation. How much we get 
depends on F{y), the qualitative behaviour of which depends on the magnitude of a. There 
are two cases to consider: z) < 6 and ii) a'^ > 6. In the first case F{y) has zeros at 
y = and y = yo = and a local maximum at y = 1. For large y, F{y) tends to infinity 
as a power of y. The solution x = constant corresponds to the second zero of F{y) (but 
this solution is incompatible with the boundary condition = since it corresponds to an 
eternally inflating universe). 

If < 2 then the second zero of F{y) lies within the range of values of y corresponding 
to inflation. This implies that the solution will inflate all the way to F{y) = i.e. to 
(f) = — oo. For larger a inflation will stop before F{y) = is reached. In case ii) the only 
zero of F{y) is at y = 0. Once again F{y) has a maximum at y = 1, beyond which it 
decreases monotonically to zero as ?/ — oo. 

We have succeeded in finding a first integral for the scalar field equation of motion. This 
relates and implicitly. It does not seem possible to integrate this again to find an explicit 
solution for 0(t) but this is not necessary in order to calculate the number of inflationary 
efoldings A^, defined by 

N= / H{t)dt, (5.14) 
Jo 

where tmax is the (comoving) time at which inflation stops. One can now substitute the 
expression for H{t) in terms of $ and and then substitute for $ and in terms of y using 
the definition of y and f).10[ To transform the integral over t into an integral over y one 



needs to know ^ which is obtained by differentiating ^.10| with respect to t. y runs from 1 
(when = 0) to 2 + \/3 (end of inflation). This gives 



N = ^ r^]H^]dy, (5.15) 
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which is infinite if a < -\/2 and otherwise evaluates to 



ilog(2 + v^) + -f^log(l 



V6 , VQ- 



a 



(5.16) 



This is small unless a is exponentially close to ^/2. We can conclude that an exponential 
potential can only give a significant infiationary period if a < ^/2. Note that the result is 
independent of 0o in contrast with the result for power law potentials. As mentioned above, 
the initial value of (p does not significantly affect the amount of inflation as can be verifled 
by changing the lower limit of integration in p.l5| . 

It is easy to calculate the asymptotic behaviour of the solutions found above, (j) — oo 
at late times so F{y) — >• 0. Hence y ^ yo in case i) and — > cx) in case ii). In the flrst case 
one has $ — $o = constant so using the deflnition of $ one obtains the solution for 
The kinetic and potential energy densities and the scale factor have the following asymptotic 
behaviour 



li2 



(5.17) 



a = aoit-to)^. (5.19) 

It is clear from these expression that it is only consistent to neglect the curvature term in the 
Einstein constraint equation at large times if < 2, otherwise these results are restricted 
to flat {k = 0) cosmologies. 



In case ii) y ^ oo implies x oo. Substituting this into |5]^ and solving gives the 
following 

-0' = . ^ .o , (5.20) 
2^ 3(t-to)2 

V = K)e°<^ = (5.21) 

{t - to) ^ 

a = ao{t ~ to)^i . (5.22) 

Note that the potential energy density is negligible compared with the kinetic energy density 
as t — >■ cxo (indeed this asymptotic solution may be obtained by simply neglecting V in the 
fleld equations). The curvature term in not neghgible in this case so these results are only 
valid for k = 0. 

If we include extra scalar flelds but still assume that the potential is dominated by a 
single exponential term Voe°"^e^^ then the situation just gets worse because this potential 
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must now dominate two kinetic terms to yield inflation. One can make progress analytically 
by defining G = /50 — aip. Then the equations of motion for and ip imply that 9 obeys 



e + 3/76 = 0, (5.23) 

where the Hubble parameter is given by the Einstein constraint equation with two scalar 
fields. This equation can be integrated to give 

e = A exp (^-3 y* H{t')dt'^ , (5.24) 

where A is a constant. If the scale factor grows sufficiently fast then this term will be 
asymptotically negligible and G ~ constant will be a good approximation. Then we can 
write ijj = £0 + constant. Now define 

e = ^ (5.25) 

a 

and the equations of motion reduce to those for a single scalar field 6 moving in an expo- 
nential potential with parameter ^/c?~+~P^. We can now apply the results derived above to 
give the asymptotic behaviour of 6{t) and the scale factor. The asymptotic behaviour of 

6 

can then be found: when + < 6, 6 oc (t — to) "^+^ and otherwise 9 oc (t — to)~^. In 
both cases, and -0 are proportional to (t — to)^^ so only when + < 6 is it consistent to 
neglect 9. In this case one simply applies the single scalar result with parameter ^/a'^ + P'^ 
to concluded that the solution is still inflating at large times only when + < 2. By 
analogy with the single scalar results one would only expect a significant inflationary period 
from such solutions. 

If + > 6 then an asymptotic solution (for k = 0) can be found in analogy with 
the single scalar case by neglecting V. The scalar equations of motion can be immediately 
integrated and the result plugged into the Einstein constraint equation to give the scale 
factor. The results are similar to the single scalar case. Our results can obviously be 
generalised when there are more than two scalar fields present. 

We can now return to our model obtained from eleven dimensional supergravity. The 
final {F) term in V is too steep to drive inflation so we turn to the term coming from the 
(seven dimensional) Ricci scalar. This depends upon the specific internal manifold that we 
choose to squash but it is possible to extract the -0 dependence in the general case. To see 
this, note that the scalars Aj all have the same dependence on -0 in |4.14| hence the metric on 



the internal space depends on only through the conformal factor e^^^. It follows that 
the dependence of the first term in on -0 is given by a factor e This multiplies a (pk 

dependent piece V. Since > 2, the above work shows that it is not possible to get 

inflationary behaviour driven by a single exponential term in the potential. If inflationary 
solutions are possible then they must arise from a combination of several such terms leading 
to a less steep region of the potential, for example near a local maximum. However the 
potential cannot possess a local maximum in and only possesses a local minimum when 
V < and this occurs at a negative value for V, which is obviously not suitable for inflation. 
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VI. SINGULAR INSTANTONS 



The behaviour of the Hawking- Turok instanton [0 corresponding to an exponential po- 
tential can be analysed in a similar manner. The instanton is assumed to possess an 0(4) 
symmetry so its metric can be written 

ds^ = da^ + b{cr)^dn\ (6.1) 

The Euclidean field equations are 



h" = -- (,^« + V) b, (6.3) 

(6.4) 

Hawking and Turok consider solutions to these equations that are regular at the North pole, 
where they look locally like four spheres, and singular at the South pole. As the singularity 
is approached they assume that the scalar kinetic term dominates its potential. We shall 
investigate this assumption for V = Vqc""^. If the curvature term is negligible in the 
Einstein constraint equation then near the singularity we can write 



Substituting this into the scalar equation of motion and defining $ = (f)'e~^°"^ gives 



^^.$2\ _^^^2_ /g /1^2_y \$_ctK) = 0. (6.6) 



2 J 2 V V2 



Now let $ = \^2Vo coshx, so we are assuming that the kinetic term is larger than the 
potential term (otherwise the above expressions do not make sense). For definiteness, take 
a; > 0. This gives the equation 



dx 

d6~ 2 



- (^\/6 — a tanhx^ , (6.7) 
which can be integrated by defining y = e^^ to give 

+ a 



y + 



a 



(6.8) 



There are two cases to consider: i) a < \/6 and ii) a > ^/6. (Once again we can restrict 
a > through reversing the signs of a and (p.) 
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Case i) G{y) is a monotonically increasing function so y becomes large as becomes 
large. Asymptotically we have 



gi{0-</..) _ ^2(vl-.) = ^ X ^ ^(Ve - a)(0 - 0*). (6.9) 

This gives 

(jy'e^'^'f' = $ ^ y2i^cosh i(V6 - a)(0 - ^ , /^e5(v^-")(<^-<^*), 

^ y ^ 

which is a differential equation that we can solve for to give 



(6.10) 



e-kVe^ ^ y/^e-5(v^-")<^*(a; - a), (6.11) 

where cx/ is a constant of integration corresponding to the coordinate of the singularity. The 
behaviour of the potential and kinetic terms near the singularity is 

V (x{af-a)~^, (6.12) 



A'2 



(a/ - a)" 



(6.13) 



so near the singularity the kinetic term will dominate. The behaviour of the scale factor is 
easily obtained from the Einstein constraint equation: 



6o(fT/ 



a 

(7)3. 



(6.14) 



bo is a constant that is determined by matching the solution near the South pole to the 
solution at the North pole. Note that it is consistent to neglect the curvature term near the 



singularity. (These results agree with those obtained in but it was not pointed out there 
that they are only valid for a < VG). 

For the singularity to be integrable, / dab^V must converge (one must include the 
boundary term B2 to derive this result). It is easy to see that it does in this case. 

Case ii) For a > a/6, 



G{y) = ?/2(«+v^) 



a 



+ V6 



a 



Now G{y) has a singularity at y = yo = and tends to zero at large y. Thus near the 



(6.15) 



singularity the behaviour is 00, ?/ 
a differential equation with solution 



yo which implies x ^ xq and $ — $o- This gives 



q;<I>o 



(6.16) 



Hence near the singularity the potential and kinetic terms behave as follows 
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\ci>"^^,{aj-a)-\ (6.18) 

so now they only differ by a constant factor, wliicli must be taken account of in order 
to determine tlie solution for h. Substituting these asymptotic solutions into the Einstein 
constraint equation and eliminating xq in favour of a yields 

h^ha{af -a)^ . (6.19) 

(Hence it is consistent to neglect the curvature term). So now we have 

oc (cr/-a)^"^ (6.20) 

but — 2 < — 1 so the singularity is not integrable in this case. 

In the two scalar guments similar to those presented in the previous section show 

that the singularity is only integrable for + < 6, with obvious generalisation to more 
than two fields. 

In our model the potential V contains a term coming from the 4-form. We shall assume 
that the correct analytic continuation of the 4-form to Euclidean signature is the one that 
leaves V unchanged. This means that F must be unchanged, so F^j^p^ must be imaginary 
in the Euclidean theory (because \/—g i^/g) in agreement with the discussion in . 



If the F-term is the dominant term in the potential near the singularity then the above 
work shows that the singularity is not integrable. Hence for a Hawking- Turok instanton to 
exist the dominant part of the potential must come from the Ricci scalar of the internal space. 
If one exponential term Voc'^^'^e^''^^'^^ is dominant then the condition for an integrable 
singularity is -^f < y • This is not satisfied in the case of the squashed S"^ considered above 

since (^^y^) > y- Hence the squashed S'^ does not give an integrable singularity. For the 
S*^ X S*^ X example we need at least one of the three spheres to have negative curvature, 



so the dominant term must be one of those in the second bracket in [4.26| . Without loss 
of generality we may assume it is the first one. If one writes this in terms of the fields (pk 
and then one finds that the exponent is 2k (-y/|04 + -y/f^s + -\/f06 + so the sum 

of squares of (pk coefficients is y > y hence the singularity is not integrable in this case 
either. 



VII. SINGULARITY IN ELEVEN DIMENSIONS 

The examples provided by Garriga [|13| are encouraging evidence in favour of being able 
to obtain Hawking- Turok instantons in four dimensions by dimensional reduction of higher 
dimensional non-singular instantons. However Garriga's cosmological (as opposed to flat) 
example is special because it requires the presence of a cosmological constant in the higher 
dimensional theory. This always gives rise to a potential in the dimensionally reduced 
action that gives both inflation and an integrable singularity on the instanton. Eleven 
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dimensional supergravity does not have a cosmological constant which is why we have been 
considering squashing as an alternative mechanism of generating a positive potential in the 
four dimensional effective action. Unfortunately it is easy to see that the instantons of the 
type that we have considered remain singular even when viewed from within the higher 
dimensional framework. If one takes the trace of the eleven dimensional field equations then 
one obtains 

R=^^/PQRSF'^^^ (7.1) 

which, upon substituting the solution for Fpqrs (and remembering that a factor of ^/VJ was 
absorbed into F), becomes 

R = -^F^e-i^'^^. (7.2) 

Since ip ^ —oo at the (four dimensional) singularity independently of the sign of R [My] 
(the exponents in V are negative so ip ^ —oo rather than +00 as considered above) one 
sees immediately that R — *• —00 so the Hawking- Turok singularity is an eleven dimensional 
curvature singularity. 



VIII. DISCUSSION AND CONCLUSIONS 

The results of the previous sections are rather disheartening: our aim was to find a 
non-singular instanton in eleven dimensions that gives rise to a Hawking- Turok instanton in 
four dimensions and an inflationary period after continuing to Lorentzian signature. Instead 
we have found that our model realizes neither of these objectives. However the stumbling 
block appears to be the same in both cases. Inflation was ruled out because the potential 
depends too steeply on ip. The singularity of the eleven dimensional instanton is also due 
to the dependence on ip. Note that the eleven dimensional Ricci scalar is independent of 
0fc so if some means were found of fixing the size of the compactifying space (i.e. keeping 
ip constant) then the instanton may become non-singular in eleven dimensions even with 
(pk —>■ ±00 (and hence singular in four dimensions). The problem with keeping tp fixed is in 
satisfying the eleven dimensional field equations. One would have to introduce extra degrees 
of freedom in the metric of the compactifying space, which involves going beyond squashing. 

It is conceivable that by modifying our ansatz for the four-form more interesting results 
might be obtained. The work in this paper is only applicable to cosmological solutions using 
the Freund- Rubin ansatz |2^. Bremer et al consider solutions with some more general 



four-form configurations. However neither of their examples (round or squashed) appear 
to admit inflationary solutions or instantons with integrable singularities. The Freund- 
Rubin ansatz is attractive as an explanation of why there are four non-compact spacetime 



dimensions but leads to a large negative cosmological constant. In |]12| it was suggested 
that this may be balanced by a contribution from supersymmetry breaking. Such symmetry 
breaking would also have a dynamical effect at early times and might generate corrections 
to the effective potential that make inflation possible. 
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APPENDIX A: DERIVATION OF RICCI TENSOR 



The non-zero Christoffel symbols for the metric ETI are given in terms of those for the 
[D = 11) metric with B = hj 

^ up ~ ^ up ' ^u-'-' '^p-'^ 1 iJi^P ^ rnn ~ ^ -'^a, ^m^n 

a 

-pm _ /I pin a -pm _ pm ( ^^^ 

np ^a,p^a ^ np ^ np- \-^^J 

a 

Indices are raised with g^j^i, and ej^ is the rescaled siebenbein. 

The Ricci tensor is most easily computed using normal coordinates in the four dimen- 
sional spacetime i.e. F^^ = 0. (Note that we are not free to choose normal coordinates 
on the whole eleven dimensional manifold because such coordinates will not preserve the 
product form we have assumed for the metric). The result is 

Rf.u = Rpu - {^^B + (^25, + ^a,p) g^, - V^V. [2B + ^ ^ j + 

+ 2B,^B,, + ^ {Aa,pB,, + Aa,uB,^) - ^ (A2) 



(A3) 



-Rm^fMy] is the Ricci tensor of the squashed internal manifold computed treating the 
scalars Aa as constants. Note that substantial simplification occurs when we use the Einstein 
frame, given by [4.3| . 



APPENDIX B: THE SQUASHED SEVEN SPHERE 

As discussed in section III, 5*^ can be regarded as the coset SO{b) / SO{?i). The most 
general 5*0(5) invariant metric on S'^ contains seven parameters. Here we restrict ourselves 
to a two parameter subset. The particular squashing we use here is described in more detail 
in 
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Using letters near the start of the Greek or Roman alphabet to denote tangent space 
indices, the metric is given in terms of the siebenbein as gmn = ^ab^m^^n where 

e° = (i/i, e* = ^sin/iWj, = ^e'^^^^(z/j + cos/icUj). (Bl) 

The indices i and i run from 1 to 3. /x is a coordinate taking values in the range [0, tt]. A[x) 
is a scalar field that measures the amount of squashing. The round S"^ is given by A = 0. 
The one forms Vi and uJi are given by 

Vi = Oi + Si, Ui = ai- T.i (B2) 

where (Tj and Ej each satisfy the SU{2) algebra: 
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The tangent space components of the Ricci tensor are |15 



Rab = diag(a, a, a, a, P, P, (3), 



where 



a = 3(1 - -e^^) 



(3 = e^^ + 
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